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Introduction
In 1940, Ulam [1] first proposed the question of the stability problem of functional equations, concerning the stability of group homomorphisms. Given a group (G 1 , ·) and a metric group (G 2 , *) with the metric d(·, ·) and a number ε > 0, does there exist a δ > 0 such that, if a mapping h : G 1 → G 2 
satisfies d(h(x · y), h(x)* h(y)) < δ
for all x, y ∈ G 1 , then a homomorphism H : G 1 → G 2 
exists with d(h(x), H(x))
< ε for all x ∈ G 1 ?
In 1941, the case of approximately additive functions was solved by Hyers [2] under the assumption that G 1 and G 2 are Banach spaces. In 1978, Rassias [3] proved a generalization of the Hyers theorem for additive mappings. Rassias's results made significant influence in the past 36 years on the development of a generalization of the Hyers-Ulam stability concept. This new concept is known as the Hyers-Ulam-Rassias stability of functional equation.
The stability problems of several functional equations have been extensively investigated by a number of authors and there are many interesting results concerning this problem. A large list of references can be found in [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
In 2015, Yang et al. [16] introduced the notions of (n, β)-normed space and non-Archimedean (n, β)-normed space, and proved the Hyers-Ulam-Rassias stability of Cauchy functional equation, Jensen functional equation and Pexiderized Cauchy functional equation in (n, β)-normed spaces.
Park et al. [17] considered an additive-quadratic-cubic-quartic functional equation:
f (x + 2y) + f (x − 2y) = 4f (x + y) + 4f (x − y) − 6f (x) + f (2y) + f (−2y) − 4f (y) − 4f (−y) (1.1) Throughout this paper, Let N denote the nonnegative integers and i, k, m, n ∈ N, and let n ≥ 2 be fixed and |2| < 1. For notational convenience, given a function f : X → Y , we define the difference operator Df (x, y) : X × X → [0, ∞) by Df (x, y) = f (x + 2y) + f (x − 2y) − 4f (x + y) − 4f (x − y) + 6f (x) − f (2y) − f (−2y) + 4f (y) + 4f (−y) (1.2) for all x, y ∈ X.
Stability of (1.1): an odd mapping case
In this section, we investigate the Hyers-Ulam-Rassias stability of (1.1) in non-Archimedean (n, β)-normed space: an odd mapping case.
Theorem 2.1 Let X be a vector space and Y be a complete non-Archimedean (n, β)-normed space, where n
for all x, y ∈ X, and ψ :
exists for all x ∈ X, and is denoted bỹ︀ φ(x). If an odd mapping f : X → Y satisfies the inequality
for all x, y ∈ X and z 1 , . . . , z n−1 ∈ Y, then there exists an additive mapping A : X → Y such that
for all x ∈ X and z 1 , . . .
for all x ∈ X, then A is a unique additive mapping satisfying (2.4).
Proof. Putting x = y in (2.3) and multiplying both sides by |4| β , we get
for all y ∈ X and z 1 , . . . , z n−1 ∈ Y. Replacing x by 2y in (2.3), we get
for all y ∈ X and z 1 , . . . , z n−1 ∈ Y. Combining (2.6) and (2.7) yields
for all y ∈ X and z 1 , . . .
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. Replacing x by x 2 i in (2.10) and multiplying both sides by |2| iβ , we get
for all i ∈ N, x ∈ X and z 1 , . . . , z n−1 ∈ Y. Taking the limit as i → ∞ in (2.11) and considering (2.1), we can obtain lim
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. Considering Lemma 1.2 and Remark 1.11, we know that {2 m g( x 2 m )} is a Cauchy sequence. Since Y is a complete space, we can define the mapping A : X → Y by
for all x ∈ X. Next, we prove that A is additive. Then we have
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. On the other hand, it is easy to show that Dg(x, y) = Df (2x, 2y) − 8Df (x, y) (2.13) for all x, y ∈ X. Hence it follows from (2.3)
for all x, y ∈ X and z 1 , . . . , z n−1 ∈ Y. This means that A satisfies (1.1). Then by Lemma 1.12, x → A(2x) − 8A(x) is additive. Thus (2.12) implies that A is additive.
Replacing x by x 2 in (2.10) and multiplying both sides by |2| β , we get ‖2g(
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. By (2.10) and (2.15), we obtain
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. By induction on m, we get
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. Replacing x by x 2 in (2.17) and multiplying both sides by |2| β , we get ‖2g(
18) for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. By (2.10) and (2.18), we get
for all x ∈ X, m ∈ N and z 1 , . . . , z n−1 ∈ Y.This completes the proof of (2.17).
Taking the limit as m → ∞ in (2.17), we can obtain
for all x ∈ X, z 1 , . . . , z n−1 ∈ Y and m ∈ N, which proves (2.4). Now we need to prove the uniqueness of A. Let A ′ be another additive mapping satisfying (2.4). Since
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. Considering Lemma 1.2, we prove that A is unique.
Theorem 2.2 Let X be a vector space and Y be a complete non-Archimedean
exists for all x ∈ X, and is denoted bỹ︀ φ(x). If an odd mapping f : X → Y satisfies the inequality
for all x, y ∈ X and z 1 , . . . , z n−1 ∈ Y , then there exists a cubic mapping C : X → Y such that
for all x ∈ X, then C is a unique cubic mapping satisfying (2.23).
Proof. It is easy to show that f satisfies (2.9). Setting h(x) = f (2x) − 2f (x), by (2.9) we obtain
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. Replacing x by x 2 i , and multiplying both sides by |8| iβ we get
for all i ∈ N, x ∈ X and z 1 , . . . , z n−1 ∈ Y. Taking the limit as i → ∞ in (2.26) and considering (2.20), we can obtain lim
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. Considering Lemma 1.2 and Remark 1.11, we know that {8 m h( x 2 m )} is a Cauchy sequence. Since Y is a complete space, we can define the mapping C : X → Y by
for all x ∈ X. Next, we prove that C is cubic. Then we have
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. On the other hand, it is easy to show that
for all x, y ∈ X. Hence it follows from (2.22)
for all x, y ∈ X and z 1 , . . . , z n−1 ∈ Y. Since C is an odd mapping, C satisfies (1.1). Then by Lemma 1.12 and (2.27), we conclude that C(3x) = 27C(x) for all x ∈ X. Then C is cubic.
Replacing x by x 2 in (2.25) and multiplying both sides by |8| β , we get ‖8h(
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. By (2.25) and (2.30), we obtain
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. Replacing x by x 2 in (2.32) and multiplying both sides by |8| β , we get ‖8h(
33) for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. By (2.25) and (2.33), we get
for all x ∈ X, m ∈ N and z 1 , . . . , z n−1 ∈ Y. This completes the proof of (2.32).
Taking the limit as m → ∞ in (2.32), we can obtain
for all x ∈ X, z 1 , . . . , z n−1 ∈ Y and m ∈ N, which proves (2.23).
Now we need to prove the uniqueness of C. Let C ′ be another cubic mapping satisfying (1.1) and (2.23).
Since
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y, it follows from (2.24) that
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. Considering Lemma 1.2, we prove that C is unique. for all x, y ∈ X, and ψ :
for all x, y ∈ X and z 1 , . . . , z n−1 ∈ Y, then there exists a cubic mapping C : X → Y and an additive A :
for all x ∈ X, then C and A are unique cubic and additive mappings respectively satisfying (2.38).
Proof. By Theorem 2.1 and Theorem 2.2, there exist an additive A 0 : X → Y and a cubic mapping
41) for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. Property (3) of Definition 1.8 implies |8| ≤ |2|, then by (2.40) and (2.41), we get
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. So we get (2.38) by letting A(x) = − 
38). Let
43) for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. Together with (2.39), we have
, we obtain that C ′ (x) = 0 for all x ∈ X. Again by (2.44), we have A ′ (x) = 0 for all x ∈ X. We prove that A and C are unique. 
Theorem 2.4 Let X be a vector space and Y be a complete non-Archimedean
| (i+1)β |4| β φ(2 i x, 2 i x), | 1 2 | (i+1)β φ(2 i+1 x, 2 i x)} (2.46)
exists for all x ∈ X, and is denoted bỹ︀ φ(x). If an odd mapping f : X → Y satisfies the inequality
for all x ∈ X, then A is a unique additive mapping satisfying (2.49).
Proof. The proof is similar to the proof of Theorem 2.1. 
for all x, y ∈ X and z 1 , . . . , z n−1 ∈ Y, then the limit
exists for all x ∈ X, and C(x) is a cubic mapping satisfying (1.1) and the inequality
for all x ∈ X, then C is a unique cubic mapping satisfying (2.55).
Proof. The proof is similar to the proof of Theorem 2.2. 
Theorem 2.6 Let X be a vector space and Y be a complete non-Archimedean
| (i+1)β |4| β φ(2 i x, 2 i x), | 1 8 | (i+1)β φ(2 i+1 x, 2 i x)} (2.58)
exists for all x ∈ X, and is denoted bỹ︀ φ(x). If an odd mapping f : X → Y satisfies the inequality
for all x, y ∈ X and z 1 , . . . , z n−1 ∈ Y, then there exist a cubic mapping C : X → Y and an additive mapping A : X → Y such that
for all x ∈ X, then C and A are unique cubic and additive mappings respectively satisfying (2.60).
Proof. The proof is similar to the proof of Theorem 2.3.
Stability of (1.1): an even mapping case
In this section, we will investigate the Hyers-Ulam-Rassias stability of (1.1) in non-Archimedean (n, β)-normed space: an even mapping case. 
exists for all x ∈ X, and is denoted bỹ︀ φ(x). If an even mapping f : X → Y satisfies f (0) = 0 and the inequality
for all x, y ∈ X and z 1 , . . . , z n−1 ∈ Y, then there exists a quadratic mapping Q : X → Y such that
for all x ∈ X, then Q is a unique quadratic mapping satisfying (3.4). Proof. Putting x = y in (3.3) and multiplying both sides by |4| β , we get
for all y ∈ X and z 1 , . . . , z n−1 ∈ Y. Replacing x by 2y in (3.3), we get
for all y ∈ X and z 1 , . . . , z n−1 ∈ Y. Together with (3.6), we get
for all y ∈ X and z 1 , . . . , z n−1 ∈ Y. Replacing y by
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. Replacing x by x 2 i , and multiplying both sides by |4| iβ , we get
for all i ∈ N, x ∈ X and z 1 , . . . , z n−1 ∈ Y. Taking the limit as i → ∞ in (3.11) and considering (3.1), we can obtain lim
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. Considering Remark 1.11, we know that {4 m g( x 2 m )} is a Cauchy sequence. Since Y is a complete space, we can define the mapping Q : X → Y by
for all x ∈ X. Next, we prove that Q is quadratic. Then we have
for all x, y ∈ X. Hence it follows from (3.3)
for all x, y ∈ X and z 1 , . . . , z n−1 ∈ Y. This means that Q satisfies (1.1). Since f : X → Y is even, Q : X → Y is even. Then by Lemma 1.12, the mapping Q is quadratic.
Replacing x by x 2 in (3.10) and multiplying both sides by |4| β , we get ‖4g(
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. By (3.10) and (3.15), we obtain
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. Replacing x by x 2 in (3.17) and multiplying both sides by |4| β , we get ‖4g(
18) for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. By (3.10) and (3.18), we get
for all x ∈ X, m ∈ N and z 1 , . . . , z n−1 ∈ Y.This completes the proof of (3.17).
Taking the limit as m → ∞ in (3.17), we can obtain
for all x ∈ X, z 1 , . . . , z n−1 ∈ Y and m ∈ N, which proves (3.4). Now we need to prove the uniqueness of Q. Let Q ′ be another quadratic mapping satisfying (3.4). Since
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. It follows from (3.5) that
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. Considering Lemma 1.2, we prove that Q is unique. for all x, y ∈ X, and ψ :
for all x, y ∈ X and z 1 , . . . , z n−1 ∈ Y, then there exists a quartic mapping T : X → Y such that
for all x ∈ X, then T is a unique quartic mapping satisfying (3.23) .
Proof. It is easy to show that f satisfies (3.9). Setting h(x) = f (2x) − 4f (x), by (3.9) we obtain
for all x ∈ X and z 1 , . . . , z n−1 ∈ Y. Replacing x by x 2 i , and multiplying both sides by |16| iβ we get 
